Dimension 3:
[-X The examples described algebraically in the theorem may also be described geometrically: Leaving aside the zero dimensional examples ("thick points" contained in a line), all the given rings are reduced, so it is convenient to describe them as the homogeneous coordinate tings of algebraic sets in the projective space. These, with their dimensions as projective varieties (one less than the dimensions of the corresponding rings), are:
Dimension O: 3 or fewer distinct points in •2.
Dimension 1:
A curve of degree n in P'. (These curves are all isomorphic to F 1, and any two examples in ]~ are equivalent. They are called rational normal curves.) Dimension 2. The Veronese embedding of F 2 in p5 or the rational normal scroll S(1, 2) in 1 ~. [The second of these is an embedding of the projectivization of the vector bundle tgr,(1)@~r, (2) . ]
Arbitrary dimension: P" itself, and smooth quadric hypersurfaces.
In particular, aside from the hypersurface rings and the zero dimensional rings, there is just one infinite family, corresponding to the rational normal curves, and 5 exceptional examples.
Our proof that this list includes all examples is based on the following Theorems A and B.
The One can easily show that this result is equivalent to the statement that if C is an irreducible, reduced arithmetically Cohen-Macaulay curve in P of arithmetic genus >0, then the module ~H~ is generated in degree v ~0 over the v homogeneous coordinate ring of C. Actually rather more is true: if C is smooth, and L is a line bundle generated by its global sections, with h~ > 3, then a result of Mark Green, Theorem 4.b.2 of [7] says that ~ H~174 is generated, as module over ~ H~ by elements of degree < 0. The techniques used by Green can be extended to cover at least the locally Gorenstein curves. We will however give a direct algebraic proof.
We first derive our Classification Theorem from A and B: We may assume that R is not the polynomial ring. If dim(R)=0, then R ~-K[X]/(X"), as follows from [9] . If dim(R)= 1, then Greuel and Kn6rrer [8] have shown that R must dominate a simple hypersurface singularity. The only graded rings among these are the onedimensional rings which appear in the theorem. Now we assume that dim(R)>2. If R is Gorenstein, then by [9] R
is a hypersurface ring, and according to [4] , Theorem C the degree of f is 2. In [10] it is even shown that if degf > 2, then R admits graded indecomposable MCM-modules of arbitrary high rank. Thus degf= 2, and R has an isolated singularity, which means that Rp is regular for all (homogeneous) prime ideals which are different from the irrelevant maximal ideal of R. In particular, if dim(R)> 2, then by Serre's criterion and Auslander's result above R must be a (normal) domain, and we may thus assume that R is a graded non-Gorenstein stretched Cohen-Macaulay domain. Since it is stretched and of type > 1, the artinian ring obtained by reducing modulo a regular sequence of elements of degree 1 must have a socle element of degree 1. Hence Theorem B implies that R is a homogeneous Cohen-Macaulay domain of minimal multiplicity.
The homogeneous domains of minimal multiplicity have been classified by Bertini. This classification can be found for instance in the article [6] Proof of Theorem A. Assuming that R is not stretched, we show that R is of infinite representation type. We choose a regular sequence yl .... ,yaeR of forms of degree 1, and set/~= R/(y~,..., Ya). Since R is not stretched, there exists an integer c > 1 such that dimK/~c > 2. If37 e/~c, we write 10 7) for the ideal which is generated by Yl, ...,Ya and y, where ye Rc is a representative of y in R. 
Consider the d-th syzygy-module f~R(R/I~)) of the R-module R/I(y). f~g(R/I(y)) is a graded

f2~( R / I (Y) )/(Y l , . . ., y d)f2~R( R / I (P) ) ~--OdR( R / I (y') ) / (y l ..... y d)t2~g( R / l (p') ) ,
and under this isomorphism R~ is mapped isomorphically to R~', where e (respectively e') is the "unique" element of least degree in f2~(R/I(y)) I-respectively ~(R/I(37'))]. It follows from 3) that I(37) = 1(y'), and this implies 0 7) = (y'). But since dimr/~c ~ 2, there are infinitely many ideals (37), 37 e/~, and thus 1) implies that R is of infinite representation type.
As y varies, the length of Rfl(y) is bounded by a number N1. Therefore R/I(y) admits a filtration of length at most N1 in which all factors are isomorphic to K. It follows that rank~(R/I(y)) can be estimated by N:= rankf~(K). N1.
To prove 2) we consider a minimal free homogeneous R-resolution F. Proof of Theorem B. The condition on /# is independent of the choice of the maximal regular sequence of degree 1 elements of R. Thus we may assume that the regular sequence is chosen generally, and this has the consequence that/~ may be written as Six o, where S is the homogeneous coordinate ring of a reduced set of points ofP ~ in "linearly general position", that is, no k + 2 of which are contained in a k-plane, for any k<n. This statement follows from the "General Position Theorem" on p. 109 in [1] . Of course, by our definition of n, these points lie in no hyperplane, so there are at least n + 1 of them. The conclusion of the theorem is equivalent to the statement that there are exactly n + 1.
Let Xl e $2 be a representative for the given socle element of/~, and let x 2 .... , x~ be the remainder of the basis of S 2-Lifting the relations xlx~ = 0, which hold in/~, to S, we get the relations x2xi = SiXo, where the si are linear forms in x0 .... , x,. From these relations we obtain After further such operations we may assume that the first row still consists of independent variables, while the second row consists of some number t < n + 1 of independent linear forms followed by n + 1-t zeros. For a different and more general form of this argument see I-5].
The ideal defining S thus contains the product of the ideal generated by the n + 1 -t independent linear forms in the new first row and an ideal generated by t independent linear forms -that is, the set of points of which S is the homogeneous coordinate ring lies on the union of an n-t-plane and a t-1-plane. Since it consisted of points in linearly general position, the total number of these points is at most (n-t+l)+t=n+l, so S is the homogeneous coordinate ring of n+l independent points in n-space, and we are done.
The results of this paper suggest the following problem: If R is a complete local Cohen-Macaulay ring of finite representation type and dimension > 2, must R have minimal multiplicity?
